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MoTZKIN recently [3] established the following result: 
(A) If a 3-dimensional convex polytope is such that each vertex, and 
each face, is incident to a number of edges which is a multiple of 3, then 
the polytope has an even number of edges. 
The special case of (A) in which each vertex has valence 3 may be 
formulated in the following form (solving a problem of EBERHARD ([1], 
p. 84)): 
(B) Every 3-dimensional 3-valent convex polytope in which each face 
is incident to a number of edges which is a multiple of 3, has an even number 
of faces. 
(For a very special case of (B) see [2]). 
Theorem (A) is easily deduced from the special case (B) by considering, 
instead of the given polytope, a polytope derived from it by "polishing 
off" its vertices as indicated in Fig. l (where the "polishing off" is 
illustrated for a 6-valent vertex). 
* Fig. l. 
It is the aim of the present paper to give a simple proof of the following 
result, which obviously contains (B) as a special case. 
Theorem. Let G be a 3-valent planar graph, each of whose connected 
components is 2-connected, such that each face 1) of G has a number of sides 
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1) We consider a 2-connected planar graph G embedded in the plane; every 
connected component of the complement of G (in the plane) is a face of G. 
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which is a multiple of 3. Then the number of faces of G has parity different 
from the parity of the number of connected components of G. 
Proof. We shall use induction 'on the number of faces of G, the 
case in which G has the minimal possible number of faces (i.e., 4 faces) 
being obvious. Assuming G to have f > 4 faces, we first note that without 
loss of generality G may be assumed to be connected. Euler's formula 
implies the existence of triangular faces, and the following two cases 
are to be considered: 
I. G contains two triangular faces with a common edge (see Fig. 2a); 
then a graph G' containing f- 2 faces and satisfying the assumption of 
the theorem is obtained by deleting the two triangles and amalgamating 
the two edges issuing from them (Fig. 2b). 
>~-----4< 
Fig. 2a. Fig. 2b. 
II. Each triangular face of G is edge-adjacent to faces with at least 
six edges (see Fig. 3a). In this case it is possible to delete the triangle 
and one of the nodes Ni and the edges incident to them, and to introduce 
two new edges (see Fig. 3b, where N 1 was deleted) to obtain a new graph 
As 
Fig. 3a. Fig. 3b. 
G*. If N 1 was deleted and if A1 and B1 are not edge-adjacent, G* satisfies 
the assumptions of the theorem and G* has either one face less than G 
and one connected component more than G (if the face A1 coincides with 
BI) or G* has two faces less than G. If, on the other hand, A1 and B1 
have a common edge, then A2 and B2 are not edge-adjacent, and deleting 
N 2 (instead of N 1) yields the desired reduction. 
This completes the proof of the Theorem. 
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